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Technical Comments
Comment on "The Lift Force Due to

von Karman's Vortex Wake"

Peter R. Payne*
Payne Inc., Annapolis, Md.

THERE have been a number of papers relating the fluc-
tuating lift force on a bluff body to the vorticity shed in a
periodic von Karman wake.1-4 Sallet5 erroneously
implies that they can only be applied to circular cylin-
ders, and that his analysis has a more general application.
In fact, as observed by Birkhoff and Zarantonello,6 for ex-
ample, any such analysis involves three unknowns: F, the
circulation in each vortex; h, the spacing of the two (as-
sumed parallel) vortex rows; and I, the space between
each vortex in a row.

Alternatively, the translational velocity us of the vortex
street with respect to the fluid (u0) can be treated as an
unknown, enabling / to be found from a relationship such
as7

us= (F/2Z) tanh(7r/z/Z)

tanh irk/I = 1/(2)1/2 (for stability)
So long as these three parameters are known for a given
cylinder shape, the lift force can in principle be calculated
by any of the methods in the literature. Sallet's main con-
tribution would seem to be in pointing out that one of the
unknowns can be obtained from the drag equation. It is
also possible that his relationship between lift and circu-
lation is more accurate than previous formulations; the
writer has made no attempt to check this aspect of his
paper.

The equations for the maximum lift coefficient obtained
by the investigators listed1-5 are as follows:

Ruedy1 (1935) CL = ± (l/2)(T/u0d)[l - (us/u0)} (1)

Steinman2 (1947) CL = ± (l/2)(T/u0d) (2)

(Steinman was apparently not aware of Ruedy's work, and
used the steady-state lift equation L = pTu0.)

Chen3 (1972) CL = ±2(T/u0d)(us/u0) (3)

Chaplin/Chen4 (1972) CL = ±(T/u0d}(l -us/u0) (4)

Chaplin4 (1972) CL = ± (T/u0d)(l - us/u0)(l - «)

(5)

[To obtain Eq. (5), Chaplin replaces the first four inviscid
vortices with Hamel-Oseen vortices, to account for viscos-
ity. 12 is a term reflecting the effects of viscosity, and de-
pends on the viscous vortex core radius.]

Sallet5 (1973) CL = ±(l/2)(T/u0d)[l -

(6)
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Fig. 1 Various expressions for maximum lift coefficient as a
function of circulation F and Strouhal number, assuming

inviscid wake vortices.
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Fig. 2 Variation of lift coefficient of a circular cylinder with
Reynolds number, according to Sallet's theory.

It is of some interest to compare these results, using
Shaw's8 correlation, which gives, for a circular cylinder

us/u0 = (4/377)5 (7)

where S is the Strouhal number nd/u0. As can be seen
from Fig. 1, there is considerable variation among the var-
ious authors.

Like most others, Sallet's equations give a lift coeffi-
cient which is almost invarient with Reynolds number, as
indicated in Fig. 2. (To compute this, the Strouhal num-
ber (S) and drag coefficient (CD) were obtained from Ref.
18 for R < 103. Above R = 103, we assume S = 0.2, CD =
1.15, as being approximately correct up to transition.)

Comparing this result with the available experimental
data (Fig. 3),t we see that Sallet's result is too low, by a
factor of 2 or 3, in the high subcritical Reynolds number
range. At low Reynolds numbers, it is apparently too high,
by one or more orders of magnitude, when compared with
the data of Gerrard. But this latter discrepancy bears
some further discussion.

It seems quite clear from Gerrard's data—some hun-
dreds of direct static pressure measurements on the sur-
faces of cylinders—that CL decreases with decreasing R,
below R = 2 X 104. As Gerrard says, "... in the range 4000
< R < 20,000, the experiments indicate a power law rela-
tion between lift coefficient and Reynolds number, viz,

t References 9-14 were not cited in Sallet's paper.
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Fig. 3 Magnitude of the lift force coef-
ficient on a rigid circular cylinder, as a

function of Reynolds number.
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. . . ." Moreover, in a later paper21 Gerrard confirms this re-
sult theoretically, by approximate numerical solutions for
the viscous flow over a cylinder. As against this rather
large body of evidence, we have two isolated data points,
which do give much higher values of CL at low R, and
tend to agree with Sallet's theory.

The first of these is due to Schwabe,15 cited by Sallet in
one of his two comparisons with experiment. Schwabe
found CL = 0.45 at 'R = 735, by measuring the fluid veloc-
ity from photographs of an impulsively started cylinder.
One feels that there are enough unknowns in this early
work (nonsteady state, the possibility of cylinder vibra-
tion) for it to be disregarded in comparison with Gerrard's
data.

The second data point which disagrees with Gerrard
was deduced by Phillips19 from Kovasznay's20 hot wire
measurements in the wake of cylinders, giving CL ̂  0.75
for 40 < R < 180. Again, this was a much less direct ap-
proach than the pressure measurements of Gerrard.

Sallet also compared his theoretical predictions with
data from Fung,17 but the latter's experiments were in the
supercritical range, and his paper presents data to show
that no coherent vortex street was present.J The good
agreement therefore must clearly be fortuitous. Also, note
from Fig. 3 that, depending on surface finish, Schmidt16

records CL values almost an order of magnitude lower
than Fung's.

If Gerrard's data is more or less correct, it would follow
that the circulation of the discrete vortices in the wake
becomes relatively less as the Reynolds number decreases,
and more of the drag is attributable to other mechanisms.
In other words, the total drag can be expressed as

skin f r i c t ion von Karman other

We already know that

AC, = 0For R < 100
von Karman

For R > 2 X 105 AC^ = 0
vonKarman

so that

^ 0
skin f r i c t i o n

{To quote Fung, "The most important feature of the forces in-
duced on a circular cylinder by vortex shedding in a supercritical
Reynolds number range, is their randomness."

Why then, in the intermediate range, should we sup-
pose that all the drag energy appears in the discrete vor-
tex street? The writer would like to suggest that while a
large portion does, around R = 105, this proportion be-
comes smaller as R decreases, and, of course, vanishes
around R = 100. If this turns out to be correct, then the
several attempts which have been made to calculate lift
from grossly over-simplified models will face a new diffi-
culty, that of defining the discrete vortex circulation.

In conclusion, a rather different difficulty is experienced
with Sallet's statement that his theory is "valid for any
bluff body in cross flow, so long as the stated assumptions
are satisfied." The difficulty is that a thin flat plate, nor-
mal to the flow, undoubtedly develops a vortex street, but
is incapable of experiencing a lift force.
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Reply by Author to P. R. Payne

D. W. Sallet*
University of Maryland, College Park, Md.

I do not agree with Payne's conclusion for two reasons:
1) The von Karman vortex wake I chose as a model

for the real wake yields a prediction equation for the coef-
ficient of lift [CL - Ci(S, CD)] which is very sensitive to
differences in the Strouhal number S and in the coeffi-
cient of drag CD. Therefore, a valid comparison between
the theoretical results and experimental results is only
possible if, during the same experiments, the lift as well
as the drag and the Strouhal number were measured si-
multaneously. Figure 1 shows how slight changes of the
coefficient drag CD and the Strouhal number S result in
large changes of the predicted lift coefficient CL.

2) Various experiments1-10'12'15 gave vastly different re-
sults for the coefficient of lift (see Fig. 1). The statement
that a theory does not correctly predict a particular set of
experimental data could in this case be rephrased to say
that the experimental results in question are not support-
ed by the theory.

I believe that the dispersion of the different experimen-
tal results is probably due to the fact that it is very diffi-
cult to keep a cylinder in cross flow perfectly at rest. The
fact that the lift force can be drastically reduced as well
as drastically increased due to the vibration of the cylin-
der is well documented. The inclusion of the effects of vi-
bration was discussed on p. 164 of my paper11 in a prelim-
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Fig. 1 The coefficient of lift CL as a function of the Reynolds
number.

inary fashion. It is seen that my theory correctly predicts
the trends of the increase or the decrease of the lift when
the cylinder vibrates with a certain frequency.
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